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Lecture Notes

Chapter 4 Angle Modulation

• In FM frequency of the carrier (fc) is changed by the message signal

• In PM the phase of the carrier is changed by the message signal

• They are nonlinear (what was linearity? ) and harder to analyze.

• Bandwidth expansion:

• More complex to implement and analyze. Requires more bandwidth. Why do we use
them?

• Reason:

• Another reason:

4.1 Representation of FM and PM Signals

Angle modulated signal:

u(t) = Ac cos(2πfct+ φ(t)) (1)

Instantaneous frequency:

f(t) =
d(2πfct+ φ(t))

dt
= (2)

In PM phase is proportional to the message m(t): φ(t) = kpm(t)
In FM, the instantaneous frequency deviation from fc is proportional tom(t): fi(t)−fc =

kfm(t) = 1
2π

d
dt
φ(t)

Where kp and kf are

φ(t) =

{
kpm(t) PM

2πkf
∫ t
−∞m(τ)dτ FM

(3)



• Demodulation of an FM signal: �nding the instantaneus frequency and subtract fc

• Demodulation of a PM signal: �nd the instantaneous phase of the signal and recover
m(t)

• Maximum phase deviation of PM ∆φmax =

• Maximum frequency deviation of FM ∆fmax =

Frequency and Phase Modulation of Square and Sawtooth Waves

Example 4.1.1: For m(t) = a cos(2πfmt) and carrier Ac cos(2πfct) �nd the FM and PM
signals.
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For a general signal the modulation index is de�ned as,

βp = kp max[|m(t)|]

βf =
kp max[|m(t)|]

W

βp =

βf =

4.2 Spectral Characteristics of Angle Modulated Signals

4.2.1 If message signal is a pure sinusoid

Mathematically, the simplest one.
Spectrum of a modulated signal is important:

u(t) = Ac cos(2πfct+ β sin 2πfmt)

β is the

3



Table 1: Required number of harmonics in FM

Power .. β = 0.5 β = 1 β = 2 β = 5 β = 8 β = 10 β = 15
80 - 1 2 4 7 9 14
90 1 1 2 5 8 10 15
98 1 2 3 6 9 11 16

Can be written as
This is a periodic signal and can be written as a Fourier series expansion.

cn =

= (u = 2πfmt)

"Bessel function of the �rst kind of order n" (Jn(β)). Therefore

u(t) = Re{Ac
+∞∑

n=−∞

Jn(β)ej2πnfmtej2πfct}

=

Modulated signal contains all the frequencies fc+nfm, therefore its bandwidth is

However, we can de�ne an e�ective bandwidth, because

Jn(β) '
Example 4.2.1: Carrier c(t) = 10 cos(2πfct) and message m(t) = cos(20πt). kf = 50

Solution:
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Bessel Function for various values of n

In general, the e�ective bandwidth of an angle modulated signal is given by the relation,

Bc = 2(β + 1)fm

For a sinusoidal message signal, another expression is,
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Bc = 2(β + 1)fm =

{
2(kpa+ 1)fm PM

2(
kfa

fm
+ 1)fm FM

Comment:

4.2.2 Angle Modulation by an Arbitrary Message Signal

Spectral analysis is too cumbersome for arbitrary signals (i.e. non-sinusoidal).
There is a general approximation called Carson's Rule

Bc = 2(β + 1)W =


PM

FM

Example 4.2.2: m(t) = 10sinc(104t), kf = 4000 . determine the modulated signal band-
width

Solution:
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4.3 Implementation of Angle Modulators and Demodula-

tors

Any modulator is not LTI.

4.3.1 Angle Modulators

First approach: Design an oscillator whose frequency changes with the input signal.

VCO:

Required circuit element:

Varactor diode implementation of an angle modulator. Varactor diode is a reverse biased pn
- junction

C(t) = C0 + k0m(t). For m(t) = 0 frequency of the tuned circuit is fc = 1
2π
√
L0C0

.

In general for nonzero m(t):
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Second approach: reactance tube.
Similar methods can be used for PM. Take the derivative of m(t) and apply the above

methods for FM.
Third approach: Narrowband angle modulation.
Generate angle modulation with a small constant kp, kf

u(t) = Ac cos(2πfct+ φ(t))

=

≈

=
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Generation of a narrowband angle modulated signal

A narrowband angle modulated signal is very similar to AM.
Then this is converted to a wideband signal,

Indirect Generation of an angle modulated signal

un(t) = Ac cos(2πfct+ φ(t))

y(t) =

u(t) =

4.3.2 Angle Demodulators

First method: Take the derivative of an FM signal.
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u(t) = Ac cos(2πfct+ 2πkf

∫ t

−∞
)m(τ)dτ

d

dt
u(t) =

The resulting signal is a

Then it is enough to use to obtain the message
signal.

How to we take the derivative by a circuit?

Answer:

Taking the derivative by the linear region of an RLC circuit

Second method: PLL
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Block diagram of a PLL FM Receiver

u(t) = Ac cos(2πfct+ 2πkf

∫ t

−∞
m(τ)dτ)

yv = Av sin(2πfct+ 2πkv

∫ t

−∞
v(τ)dτ)

e(t) =

φe(t) =

Assuming phase error is small, then the linearized model can be used

Block diagram of a Linearized PLL FM Receiver

11



φe(t) = φ(t)− 2πkv

∫ t

−∞
v(τ)dτ

d

dt
φe(t) =

d

dt
φ(t) =

j2πfΦ(f) =

Φe(f) =

V (f) =

=

V (f) =

v(t) =

=

Message signal m(t) is obtained

4.4 FM Radio Broadcasting

1. Utilizes the band

2. Carrier freq. are separated by

3. Peak freq. deviation

4. Receiver type
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5. Intermediate frequency

Block diagram of a superheterodyne FM Receiver

1. RF Ampli�er

2. Mixer

3. IF Ampli�er

4. Limiter

5. Discriminator

Problem 4.2 Following signal is �rst used to frequency modulate and also phase mod-
ulate a carrier.
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Problem 3.4

Find a relation between kp and kf such that maximum phase of the modulated signals
in both cases are equal

If kp = kf = 1 what is the maximum instantaneous freq. in each of them

Problem 4.4: FM Signal s(t) = 10 sin(2πfct+ 20 sin(2000πt)), where fc = 8MHz

1. Modulation index?

2. Frequency deviation?

3. Carrier frequency and power?

4. Bandwidth?

14



Problem 4.12: Modulated signal u(t) = 10 cos(2πfct+ 2 sin(2πfmt)), where fc = 5kHz
and fm = 500Hz

1. If this is FM, �nd the modulation index and Bc

2. Repeat part 1 if fm is tripled

3. If this is PM, �nd the modulation index and Bc

4. Repeat part 1 if fm is tripled

15


