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Lecture Notes

Chapter 7 Analog to Digital Conversion

• Speech, music, some images and video are examples of analog signals

• Analog source: Intensity, bandwidth, dynamic range and nature of the signal

• Radio: Amplitude of voice signal

• Black and white TV: Intensity

• Color TV: Intensity, Red, Green, Blue (and also the audio component)

• FAX: Still image

• Digital transmission has advantages:

• We have to �rst convert from analog to digital

� Sampling, resulting in

� Quantization, resulting in

� Encoding, resulting in

7.1 Sampling and Reconstruction

How often should we sample the analog signal?



7.1.1 The Sampling Theorem

• Required sampling frequency for lossless reconstruction is directly related to the signal
bandwidth.

• If the signal x(t) is bandlimited to W , i.e. then it is su�cient to

sample at intervals , which is called theorem.

• Lossless reconstruction requires some kind of an interpolation.

Sampling of signals.

• Sampled signal: xδ(t) =
∑∞

n=−∞ x(nTs)δ(t− nTs)

• We can write

• As a convolution:
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• Using F.T. properties:

• Substitute this: Xδ(f) =

• Result:

• F.T. of the sampled signal is the replication of the F.T. of the original signal at a rate
of 1/Ts

Frequency domain representation of Sampling of signals.

Aliasing occurs if

For we can reconstruct the original signal by suitable
low-pass �ltering.

There are in�nite choices of LPF's. One speci�c choice is ideal LPF: H(f) = TsΠ( f
2W ′

) ,

where W' must be:

3



X(f) = Xδ(f)TsΠ(
f

2W ′ )

x(t) =

=

For lowest possible sampling rate Ts = , the only

choice is W ′ = , then

x(t) =

=

Normally sampling rate is higher than the minimum, in order to make the LPF realizable.
Example 7.1.1: What happens if we sample regularly at Ts, but �rst sample is taken at

0 < t0 < Ts?
Solution:
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Example 7.1.2: A signal has BW 3400Hz, what is fs so that guard band is 1200Hz?
Solution:

7.2 Quantization

Now we have a discrete time signal. But the samples have continuous values.

Scalar Quantization

1. Each sample is rounded to the nearest level from a set of �nite number of levels.

2. N quantization regions Rk, 1 ≤ k ≤ N

3. A representative point for each region x̂k

4. Each x̂k is represented by a binary sequence.

5. Required number of bits per sample is

Performance of a quantizer: : D = E[d(X, X̂)] = E[(X −Q(X))2]

Example 7.2.1: X(t) stationary Gaussian , mean zero, and p.s.d Sx(f) =

{
2 |f | < 100Hz
0 otherwise

Sampled at Nyquist rate , 8-level quantizer a1 = −60, a2 = −40, a3 = −20, a4 = 0, a5 =
20, a6 = 40, a7 = 60, a8 = 80, x̂1 = −70, x̂2 = −50, x̂3 = −30, x̂4 = 1−, x̂5 = 10, x̂6 = 30, x̂7 =
50, x̂8 = 70.

Solution:

Another performance measure: = E[X2]
E[(X−Q(X))2]
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8-Level quantization, regions and representative points.

Write the quantization regions:
Quantization function Q(x) = x̂i, x ∈ Ri

PX =

PX̂ =

SQNR =

Example 7.2.2: X(t) stationary Gaussian , mean zero, and p.s.d Sx(f) =

{
2 |f | < 100Hz
0 otherwise

Sampled at Nyquist rate , 8-level quantizer a1 = −60, a2 = −40, a3 = −20, a4 = 0, a5 =

6



20, a6 = 40, a7 = 60, a8 = 80, x̂1 = −70, x̂2 = −50, x̂3 = −30, x̂4 = 1−, x̂5 = 10, x̂6 = 30, x̂7 =
50, x̂8 = 70. Find the SQNR

Solution:

Uniform Quantization:

Entire region is partitioned into N intervals of equal length. THe �rst boundary end the
interval length is optimized.

D =

∫ a1

−∞
(x− (a1 −∆/2))2fx(x)dx

+
N−2∑
i=1

∫ a1+i∆

a1+(i−1)∆

(x− (a1 + i∆−∆/2))2fx(x)dx

+

∫ ∞
a1+(N−2)∆

(x− (a1 + (N − 2)∆ + ∆/2))2fx(x)dx

Optimal Uniform Quantizer for a Gaussian Source

NOnuniform Quantization:

Quantization intervals are not identical (which has better performance)
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D =

∫ a1

−∞
(x − x̂1)2fx(x)dx +

N−2∑
i=1

∫ ai+1

ai

(x − x̂i+1)2fx(x)dx +

∫ ∞
aN−1

(x − x̂N)2fx(x)dx

Optimal NonUniform Quantizer for a Gaussian Source

A total of 2N − 1 variables
Di�erentiate with respect to ai
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The result is:
Di�erentiate with respect to x̂i,

The result is: . Lloyd-Max
conditions.

Example 7.2.3: X(t) stationary Gaussian , mean zero, and p.s.d Sx(f) =

{
2 |f | < 100Hz
0 otherwise

Sampled at Nyquist rate , 8-level non uniform quantizer . Find the performance.
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7.2.2 Vector Quantization

• In scalar quantization

• In vector quantization

• Performance can be improved by

• Optimization can be done similar to scalar quantization

• Select quantized values x̂i

• Determine regions Ri according to the distance.

• Determine new x̂i as the centroid of each region

7.3 Encoding

• A total of N = 2v quantization levels/sample correspond to bits/sample.

• For fs samples/sec we have a bit rate of bits/sec.
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2-sample vector quantization, 4 levels per sample
a) Rectangular regions, b) Better regions

• Which bits to assign to which quantization level?

• Natural Binary coding

• Gray coding

7.4 Waveform Coding

Waveform coding aims to reproduce the waveform output of the source at the destination.
waveform coding techniques are independent of the source type , hence they are robust.

7.4.1 Pulse Code Modulation

Simples and oldest waveform coding technique. Consists of + +

• Waveform is bandlimited to W Hz, therefore a sampling rate of is required.

• Signal is of �nite amplitude |x(t)| ≤ xmax,∀t

• Large number of quantization levels N = 2v
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Natural binary coding and Gray coding

Uniform PCM: Uniform quantizer. Range of samples ∈ [−xmax, xmax]

∆ =
2xmax
N

=
xmax
2v−1

(1)

Quantization error x̃ = x−Q(x) is random variable in the interval

Intervals are small therefore the error X̃ = X−Q(X) is approximated as

The distortion , quantization noise is therefore E[X̃2] =
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Signal to quantization noise ratio is SQNR = PX

E[X̃2]
=

Signal power PX can be found by any of the following

The upper bound of SQNR is and it deteriorates as the dynamic
ramnge of the signal increases.

SQNR in decibels

Each extra bit increases SQNR by
Example 7.4.1 Signal uniformly distributed in [-1,1], 256 level uniform PCM employed.

Find the SQNR

Bandwidth requirement of PCM:
Non uniform PCM

In reality input signal samples are not uniformly distributed, small values have higher
probability.

Therefore is needed.
Method: Compress the large amplitudes, reduce the dynamic range. Then apply uniform
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Block diagrams of Uniform and Nonuniform PCM Systems

quantization.
µ-law (compander): (|x| ≤ 1: �rst normalize) µ = 255 is taken

g(x) =
log(1 + µ|x|)

log(1 + µ)
sgn(x)

Provides 24dB improvement.
Second one: A-law (A=87.56)

g(x) =
1 + log(A|x|)

1 + log(µ)
sgn(x)

7.4.3 Delta Modulation

One bit quantizer, produces one bit per sample
Performs poorly if the dynamic range of the signal is high
Sampling rate is much higher than PCM
Resulting bit rate is probably lower than PCM

The biggest advantage:
Reconstruction:

X̂n − X̂n−1 = Ŷn

X̂n =
n∑
i=0

Ŷi

The receiver just accumulates the received values.

An important design parameter
Adaptive Delta Modulation:

The parameter is adaptive ∆n = ∆n−1K
εn×εn−1

The logic behind this formula:
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Graphs for mu and A laws
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Block diagrams of Delta Modulation and Delta Demodulation

E�ects of excessively small of large ∆
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